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NOMENCLATURE 

temperature recovery factor ; 
Reynolds analogy factor ; 
laminar Prandtl number; 
ratio of thermal-to-velocity boundary-layer 
thickness ; 
absolute temperature; 
recovery temperature; 
density ; 
ratio of specific heats, c,/c,; 
specific heat at constant pressure; 
specific heat at constant volume ; 
distance along flat plate, measured from 
leading edge; 
velocity in x direction; 
Mach number based on u ; 
velocity boundary-layer thickness; 
exponent in power law approximation of 
velocity profile; 
mean Stanton number; 
mean skin friction coefficient. 

Subscripts 

; 
conditions at surface of the plate; 
conditions at boundary-layer edge; 

T, stagnation conditions. 

IN 1942, Squire [i] postulated a flat-plate turbulent 
boundary-layer temperature profile for zero heat transfer and 
Prandtl numbers different from unity. This profile is similar to 
the Prandtl number unity profile but incorporates the 
recovery factor, r, and the ratio of thermal-to-velocity 
boundary-layer thickness, A. Assuming a power-law velocity 
profile, he deduced that the recovery factor was related to the 
laminar Prandtl number, Pr, by Y = P?. In this note 
Squire’s profile has been extended to cover finite heat transfer. 
Again, the profile is similar to the Prandtl number unity 
profile but incorporates r and A. Using this profile, an 
expression for the Reynolds analogy factor, S, has been 
deduced for turbulent flow. The expression, S = l/r = 
Pr-“3, agrees with experiment (within the scatter of the 
data) over a wide range of Mach numbers. In addition, the 
postulated temperature profiles exhibit much the same 
features as measured profiles. 

RESULTS AND DISCUSSION 

For zero heat transfer with both laminar and turbulent 
Prandtl numbers equal to unity, the boundary-layer tempera- 
ture on a flat-plate is given by 

where the subscript “1”represents freestream conditions. For 
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Prandtl numbers other than unity, Squire [i] assumed the 
following expression had a certain plausibility 

;= 1+r+f; l-g 
[ 2($] C2) 

where 

;=&I 
y=4 .dY)=o; YZh g(y)=1 i (3) 

y=o, g ; =o; y>Ag, g x =l. 
0 0 1 

At y = 0, equation (2) gives the recovery temperature, T,. 
Using equation (2) and satisfying the boundary-layer energy 
equation at the wall, Squire obtained 

r = PrA’. (4) 

For turbulent boundary-layers, a familiar approximation 
for the velocity distribution is 

where n is about 7. Squire made use of equations (2) and (5) in 
satisfying the condition that the energy deficit across the 
boundary-layer must be zero for zero heat transfer. From this 
condition, at Mach numbers less than one half and values of A 
less than unity, he obtained 

rA(“+ 1)/n = 1. 
(6) 

This result also holds for values of A greater than but near 
unity. Combining equations (4) and (6) yields 

r = pros+ 1mn+ 1) (7) 

For pertinent values of n(n > 5) and for Pr not very different 
from unity (Pr = 0.7-1.3), the following is sufficiently ac- 
curate. 

r = P+. 63) 

Although this result was derived for low Mach numbers, with 
perfect gas conditions equation (8) is a good approximation 
to experimental data for a wide range of Mach numbers [2]. 

NOW with finite heat transfer and both laminar and 
turbulent Prandtl numbers equal to unity, the boundary- 
layer temperature from [3] can be written as 
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where T,, is the wali temperature. Thisequation can readily be 
reduced to the familiar Crocco [4] expression 

As in the case of equation (6), this result holds for ,A gr~::rt~. 
than but near unity. Combining equations (6) and ( 1- I 

Tr-TT,. II 
~._. 

7-r, - T,,- II, 

where the total temperature, Tr. is given by 

110) 

For Prandtl numbers other than one, it seems reasonable to 
extend Squire’s assumption for zero heat transfer by writing 

For the case of zero heat transfer, Squire set the energy 
deficit across the boundary-layer equal to zero and derived 
equation (6). With finite heat transfer, the energy deficit 
across the boundary-layer can be related to the skin friction 
drag using Reynolds’ analogy as follows. The heat transfer, Q, 
and skin friction drag, D, for fully developed turbulent flow on 
a Rat-plate of length Y are given by 

Q= I” pu’.JTr,-T,)dr = /-‘,~I~L.,,S~(TI-~,)Y (12) 
. 0 

With the Reynolds’ analogy factor relating the mean Stanton 
number. Sr, and mean friction coefficient, C,, by 

and the density, 11, given by 

Equations ( i-7) and (13) can be combined to yield 

” I 

/ I 0 
f (Tr,.-Tr)dJ 

= 

Equation (16) can be used to determine the Reynolds’ 
analogy factor. This is accomplished by approaching the 
condition ofzero heat transfer and zero Mach number along 
two separate paths. Take A less than unity, the power law 
velocity profile, and first put T, = T, for zero heat transfer in 
equation (16). With the temperature given by equation (11). 
as IV, --t 0 the relation between r and A given by equation (6) 
results, Now first put M, = 0 in equation (16), then as T, 
-+ T, the following result is obtained 

0 p,-=- 

I Q”, 

P,-r/3- 

M, 
Q 

0 5-7 
p 7-9 REF 6 
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Frc;. 1. Reynolds analogy factor 

As already stated, the expression for recovery lhctor gt~r”r: 
by equation (8) r = Pr”“, is in good agrremcnt with 
experiment over a wide range of Mach numbers. Taking I”, 
= 0.7 as a representative value for laboratory experimerrts. 
equation (18) yields S = Pr- If3 = 1.13. Chi and Spalding [5-i 
computed S from measured local heat-transfer coefficient\ 
and computed values of focal skin friction coefficient. t;o~ 
two-dimensional plane and axisymmetric zero pressure gt-:a- 
dient Rows at Mach numbers less than 5 and wall to tota1 
temperature ratios from 0.5 to 1.12, they concluded Mach 
number and heat transfer had no apparent effect on S. n valui: 
of5 = 1.16provided the best fit to thedata. This is in crcclien; 
agreement with the value of 1.13 from equation (18;. f!;ti 
plate data at Mach numbers from 5 to 12 and wall to tomI 
enthalpy ratios from 0.1 to 0.7 were collected by Cary [C,]. The 
values of S he deduced from simultaneous measurements of 
local heat transfer and skin friction are presented on F’ig. I. 1 
temperature recovery factor of 0.89 was used in reducmg ti,c 
data. Although there is considerable scatter in the data. .S 
= Pr ml;3 gives a very reasonable mean value. For- corn- 
parison, the value S = pr-*” for laminar boundarv-l;tvr.r 
flow is also shown on Fig. 1. As several authors have~n&d. 
this value is too high to be representative for turhuleni 
boundary-layer Row. 

With r = 3’r’13 and S = Pr-’ ‘, equation (16j can now h:‘ 
solved numerically to determine the variation of A with Mac!1 
number and wafi temperature. The boundary-i~~yel- temperer- 
ture is given by equation (11) and a power law velocity+ 
distribution is assumed. Figure 2(a) first shows the sensitivity 
of A to tr and Mach number at zero heat transfer. f.‘~gurc 
2(b) shows the effect of wall temperature and Mach numb~ir 
with H = 7. 

With values ofr and A determined, the accuracy with whrcll 
equation (11) represents experimental tcmperaturc profiles 
can be examined. For power law velocity prolilcs. equation 
(I f ) can be written 

With values of A from Fig. 2(b) and r -= Pr’ ‘, temperature as 
a function of velocity can be computed from equation ( tY) for 
given Mach numbers and wall temperatures. On Figs. 
3(a)-(c) computed values are compared with data from 
Bertram and Neal [7] on a hollow cylinder of constant 
diameter. Flat plate measurements by Danbcrg [X] :ITC 
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FIG 2 b EFFECT Ot HEAT TRANSFER 

FIG. 2. Ratio of thermal-to-velocity boundary thickness. 
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FIG. 3. Comparison of temperature profiles, M, = 6.0. ~ equation (19), Pr = 0.7; --- Crocco; 
0 Bertram and Neal. 

FIG. 4. Comparison of temperature profiles, M, = 6.3. -equation (19), Pr = 0.7; --~ Crocco; 
0 Danberg. 

compared with computation on Fig. 4. The data from both different. Note that the data fall above equation (19) on Fig. 3 
sources are for two-dimensional flow at constant wall and below equation (19) on Fig. 4. 
temperature and pressure. These data were selected for the It should be noted that the postulated temperature profile 
comparison rather than nozzle wall experiments where cannot be expected to give accurate results near the wall, 
variations in pressure and wall temperature greatly affect the There the molecular shear stress becomes important and the 
results. For the momentum thickness Reynolds’ numbers, R,, details of transition from the laminar sublayer to the fully 
associated with the data, transition was well upstream of the turbulent part of the boundary layer must be considered [9]. 
survev station. The measurements were thus made in fully 
developed turbulent Sow. REFERENCE3 

Comparison with experiment demonstrates that equation 1. 
(19) produces tem~rature profiles which have much the 
same features as measured profiles. At lower velocities the 
temperature falls below the prediction of Crocco given by 2. 
equation (10). At the outer edge of the boundary layer the 
temperature overshoots Crocco’s prediction. As the wall 
temperature is reduced and heat transfer increases, both 
equation (19) and experiment come closer to the Crocco 3. 
profile. However, there are differences between equation (19) 
and experiment. A comparison of Figs. 3 and 4 with values of 
[l -(T,IT,)] of 0.457 and 0.427, respectively, suggest this 4. 
may, in part, be due to the difficulty in making accurate 
temperature measurements. The data on the two figures were 
obtained under very similar conditions and should check. It 5. 
can be seen the results from the two sources are significantly 
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activity of the sorbent; 
diffusion coefficient [m’s] : 
mass Rux [kg/m' s] : 
continuous phase mass-transfer coefficient 
[m’s] : 
mass concentration [kg/m21 ; 
number of intervals: 
time [s] : 
distance coordinate [m]; 
time interval [s] : 
mass concentration of sorbent in the bulk of the 
continuous phase [kg/m’] : 
mass concentration of sorbent in the continuous 
phase in equilibrium with pure sorbent at the 
temperature of the dispersed phase [kg/m’]. 

Subscripts 

i. at the interface between dispersed and continuous 
phase : 

cr, at the critical point: 
0,1,2,3, indicate limits of concentration 

intervals. 

Successive concentration profiles during a desorption 
process. starting at a homogeneous initial concentration trr,,. 
are drawn schematically in Fig. 1. In this example the system 
does not shrink upon desorption. After time t, the surface 
concentration equals m,. By application of a single paramete: 
estimation to the solution of the diffusion equation the 
diffusivity D, can be calculated from the experimental data 
At time t, the surface concentration has reached m2. Over the 
interval M, < m < m2 the corresponding value of the dif- 
fusion coefficient, D,, can now be calculated. In this calcu- 

IKTRODUCTION 

THE CONCENTRATION dependence of a diffusion coefficient 
can be obtained from a number of successive experiments at 
different concentration levels [I] or by interpretation of a 
single (de)sorption experiment. Some methods of the latter 
type require the assumption of a certain functional relation 
between diffusivity and concentration [2,3]. Duda and 
Vrentas [4] developed a method in which such an assumption 
is not necessary. It makes use of an approximate solution of 
the diffusion equation for constant surface concentration. The 
present method which has been described by Schoeber [5] 
deals with diffusion with variable surface concentration. It 
shows some similarity to Prager’s method [6] for the 
interpretation of successive sorption experiments. 

APPROACH 

In a (de)sorption experiment the surfacetlux is measured as 
a function of time. The surface concentration in the dispersed 

I I 

0 I 

2 

t Present address: Koninklyke/Shell Laboratorium FIG. 1. Schematic representation ol the change in con 

Amsterdam, P.O. Box 3003, Amsterdam. The Netherlands. centration profile during a desorption process 

phase is calculated from the equation describing the sorption 
flux in the continuous phase: 

All variables m this equation can be measured experimentally 
except 0,. which can therefore be calculated from this 
equation. The sorption isotherm, i.e. the relation between the 
surface concentration M, and the surface activity (I,. will then 
reveal the value of M,. 

In the present method we adopt a step-function approxi- 
mation to the concentration dependence of the diffusion 
coefficient. The diffusion coefficient in a concentration in 
terval mj_ , z=- m > mj is assumed to be constant and to be the 
value of Dj. 


